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Abstract: The notion of information scrambling is tied to the long-time behaviour
of a system and therefore is related to its infra-red dynamics. In fast scramblers,
information spreads as a logarithmic function of the number of degrees of freedom.
Ordinarily, under an RG-flow, scrambling will become faster in the IR since many
degrees of freedom are integrated out, as a consequence of the c-theorem. In this
article, we consider a class of Holographic quantum field theories (QFT), which are
strongly coupled large N gauge theories with large number of adjoint and funda-
mental matter, in which scrambling slows down in the IR. This happens since more
degrees of freedom are inserted in the IR, compared to the UV, in a precise sense. For
generic large N gauge theories, we also explore general, perturbative flow features of
the corresponding Lyapunov exponent, based on the Callan-Symanzik equation.
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1 Introduction
Given a quantum mechanical system and a particular state, the time-scale involved
for a localized information to spread across the entire system is set by the scrambling
time. The physics of information and its propagation has become one of the most
explored areas of theoretical physics in recent times. It turns out that scrambling
time has a particularly illuminating role for quantum systems that possess a well-
defined semi-classical limit.1 There exists multiple definitions of scrambling time, in
this article, we will consider the most widely used definition in terms of out-of-time-
order correlators (OTOC), in the context of the fast scramblers[1–4].
In this regard, a particularly interesting class of systems are the ones with a large
number of degrees of freedom, N , in which the inverse number provides a natural
small parameter in the system, using which one can define a semi-classical limit.
Typically, in standard quantum mechanical systems, the corresponding scrambling
time scales as a polynomial of N . For strongly coupled systems, with a holographic
1Thus, for most spin systems, including the Ising model, although it can be defined, scrambling
time may not set a particularly specific scale in the system.
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dual description, however, this scaling becomes logarithmic ∼ logN , and in [2], it
was conjectured to be the fastest scrambler in Nature.
Holographic systems, by virtue of universality near a black hole horizon, natu-
rally realize the fast scrambling feature in terms of the dual quantum field theory
degrees of freedom. Typically, for an SU(N) gauge theory at the fixed point, the
corresponding time-scale is given by tscr ∼ logN , which is essentially determined by
the ten-dimensional Newton’s constant, in the gravitational background. This de-
scription is valid when the Newton’s constant is small (measured in the energy-scale
of the physical process), equivalently when the number of degree of freedom in the
dual QFT is large. It is, however, easy to observe that, even at the fixed point, not
all degree of freedom in will scramble as logN .
A simple explicit example is to consider, e.g. an AdS-Schwarzschild background
and study the dynamics of a probe string which is stretched along the radial direction
of AdS. In the dual QFT, this is equivalent to introducing a fundamental defect
matter (e.g. like a quark) in an adjoint matter bath. The modes on this string come
equipped with the string tension and translated into the language above, one obtains
the scrambling of the open string modes to scale as: tscr ∼ log λ,2 where λ is the
’t Hooft coupling. In the strongly coupled limit, this still allows for a well-defined
separation of time-scales between e.g. dissipation time and scrambling time.
Within the purview of holographic dual, one considers large N and large λ and
a priori it is not obvious whether all possible degrees of freedom in the system will
scramble at scales determined by logN or log λ. For example, functionally, a de-
pendence of log (N/λ) is also possible. While, one can still tune the ratio (N/λ) as
one pleases, to take a large enough value, it is not necessarily a large number from
the QFT-perspective. Demanding a geometric dual, however, imposes constraints
on the curvature and the dilaton field, which ensure that such a ratio of large num-
bers will still remain large in the semi-classical regime. Thus, an O(1) scrambling
time is naturally associated with either higher curvature corrections, or string loop
corrections.
This article is divided into two main parts. In the first part, we improvise based
on the standard Callan-Symanzik equation to infer statements on how the Lyapunov
exponent should flow near a vanishing beta function. This analyses comes with
certain technical and conceptual assumptions, which we only impose and not attempt
to prove from a first principle calculation. This is to explore how much mileage a
naive approach might yield, and we leave a more systematic exploration for future.
For example, we impose an ad hoc relation between energy and time, which can be
replaced by a general Kibble-Zurek type scaling, see e.g. [5]. Nevertheless, the Callan-
Symanzik equation yields interesting results that warrantees further exploration.
In the second part, we consider explicit and representative examples within
2This is not strictly true, but qualitatively so. We will discuss the precise form momentarily.
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the purview of Holographic renormalization group flow, in which the corresponding
scrambling time also flows. The corresponding QFTs are standard SU(N) Yang-Mills
system, with Nq density of fundamental matter. We will pose the physical question
in the following form: Given a UV-CFT (which could simply be a Gaussian fixed
point), where we fix all scales of measurement, we will ask questions about the ther-
mal state of the system at different energy scales. Physically the picture is simple:
Suppose, in a room full of ordinary air molecules, we ask questions related to thermal
physics resulting from the collision of high energy protons. In this case, it is expected
that a quark-gluon plasma will describe the corresponding thermal physics. On the
other hand, in the same room, if we burst some fire-crackers, the resulting thermal
physics will very well be described by an ordinary thermal gas. Clearly, these two
thermal physics, which are intrinsically connected to the energy-scale of the collision
process (protons colliding, or bursting of fire-crackers) are quite different.
Similarly, given a UV-CFT, a thermal state can be obtained at UV, which will
be described by the UV degrees of freedom. On the other hand, provided the CFT
allows for a non-trivial RG-flow to an IR-CFT, a different thermal description can
also be obtained at the IR, in terms of very different degrees of freedom. Our mea-
surement apparatus is set up at the UV, and we will analyze what it can tell us
about scrambling of various degrees of freedom, both at the UV and at the IR. This
approach is particularly suited for Holography, where one sets up the physical ques-
tion in precisely the manner above, by fixing scales and measuring data at the UV
conformal boundary.
Moreover, as we will explicitly see, Holography can repackage the number of
degrees of freedom under an RG-flow in sufficiently non-trivial manner such that non-
trivial combinations of large number of degrees of freedom and the ’t Hooft coupling
can emerge in the IR. Thus, naively, though one would expect the scrambling time to
decrease under an RG-flow — since now information has to spread across a smaller
number of degrees of freedom — it depends on the particular operator. This occurs
mainly due to different probes coupling differently in the system, and also since
the RG-flow is triggered by inserting new degrees of freedom at the UV, which is
then non-trivially entangled in the IR. In fact, on the class of examples, we observe
that scrambling time generically increases in the IR. Note, however, that a strict
monotonicity does not seem assured from the dynamical equations of gravity, upon
using reasonable energy conditions on the matter sourcing the geometry.
This article is divided in the following parts: In section 2, we explore how much
information the Callan-Symanzik equation can yield on out-of-time-order correlators
(OTOCs) from which one extracts the corresponding ergodic data. After discussing
various possibilities we consider the Holographic examples in the next sections. Fi-
nally, some technical details are assorted in an Appendix.
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2 Scrambling and RG: General Results
In this section we present generic results that one can obtain by using elementary
RG-ideas and equations. First of all, since we will be considering the 4-point OTOCs,
it makes sense to resort to the equation that correlators satisfy under an RG-flow:
the Callan-Symanzik equation. Consider a generic 4-point correlator:
G(4) = 〈φ(x1)φ(x2)φ(x3)φ(x4)〉 = z−4/2 〈φ0(x1)φ0(x2)φ0(x3)φ0(x4)〉 = z−2G(4)0 ,
(2.1)
where φ0 is the bare field and z is the wavefunction renormalization constant: φ =
z−1/2φ0. The correlator G(4) is a function of renormalized quantities, e.g. fields,
coupling and mass; on the other hand, G
(4)
0 depends only on the bare quantities.
Therefore, by construction:
µ
dG
(4)
0
dµ
= 0 , (2.2)
where µ is the corresponding energy-scale. The equation above can be rewritten in
terms of the physical correlator, which yields the Callan-Symanzik equation:(
µ
∂
∂µ
+ β
∂
∂g
+ 4γ
)
G(4) = 0 , (2.3)
where g(µ) is the (dimensionless) coupling constant, β is the corresponding beta-
function and γ is the anomalous dimension of the field φ. Note that, in deriving the
above equation, we need not assume anything about time-ordering of the operators
inside the correlator.
We will momentarily use the 4-point OTOC, of the following form:
G(4)norm =
〈φ(0)φ(t)φ(0)φ(t)〉
〈φ(0)φ(0)〉 〈φ(t)φ(t)〉 , (2.4)
where we have normalized the four-point function by a product of two two-point
functions. On scaling arguments, therefore, G
(4)
norm will receive no factor of wave-
function renormalization z, hence the corresponding Callan-Symanzik equation for
the normalized correlator will be independent of the anomalous dimension:(
µ
∂
∂µ
+ β
∂
∂g
)
G(4)norm = 0 , (2.5)
which is the equation we will deal with.3 Note that, we assume that, even in the
3Subsequently, all ergodic features of the correlators will be independent of the critical exponents
of a putative fixed point, since the critical exponents are determined by the anomalous dimension.
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dynamical context the Callan-Symanzik equation receives no additional renormal-
ization constant and remains the same. This may not hold true in general.4
Now, let us consider an ansatz for the 4-point normalized OTOC. Motivated by
ergodic quantum systems with a well-defined semi-classical limit, in the large time
limit is expected to behave as:
G(4)norm = 1− Γ [N(µ), g(µ)] exp [λL (g(µ), N(µ), µ) t] , (2.6)
where N(µ) estimates the total number of degrees of freedom at the energy-scale µ
(which is a dimensionful quantity), g(µ) is the dimensionless coupling constant and
Γ is a functional of these two basic parameters of the system. We are restricting our
discussion, for the time-being, to only one coupling. Note that, the ansatz in (2.6)
is not an entire function for the normalized correlator, instead it is only valid within
the window: td < t < tscr, where td denotes the dissipation time and tscr denotes the
scrambling time. Now, to ensure a semi-classical limit, we insist:
Γ [N(µ), g(µ)] 1 . (2.7)
Note that, when N(µ) 1, this is ensured by choosing Γ ∼ 1/N ,5 irrespective of the
functional dependence of Γ on g(µ), assuming that g(µ) does not scale with N(µ).6
Namely, we can make a simple choice:
Γ [N(µ), g(µ)] =
g(µ)α
N(µ)
, α ∈ R & g 6= 0 . (2.8)
On the other hand, if N(µ) ∼ O(1), then (2.7) demands:7
Γ [N(µ), g(µ)] = g(µ)δ , g(µ) 1 , (2.9)
Γ [N(µ), g(µ)] = g(µ)−δ , g(µ) 1 , δ > 0 . (2.10)
We will, however, not explore this case in this article.
To proceed further, we need to relate the time co-ordinate with the energy-scale
at which measurement is being carried out. On dimensional ground, t = ξ/µ, where ξ
is an undetermined constant. However, this parameter is physical. When ξ ∼ O(1),
one is making dynamical observations at the scale set by the inverse energy and
4See e.g. [6] for a detailed analysis of a global quench from an RG-perspective, in the φ4-theory.
Furthermore, see also [7]. We thank Diptarka Das for emphasizing this point as well as the first
reference. We also thank Krishnendu Sengupta for pointing a conversation in related matters and
for pointing out the second reference.
5Any non-trivial positive power of N(µ) can also appear here, but in that case, we can define
the corresponding expression as N(µ) itself, since any positive power of a large number is also a
large number.
6Note that, this is a widely made assumption. We thank Diptarka Das for discussion about this.
7Once again, we are only choosing a simple representative case.
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hence there is no decoupling between time evolution and coarse graining. On the
other hand, setting ξ  1 decouples the two. It is in this sense, given a state at
a particular energy-scale, one can measure long-time behaviour staying at the same
energy scale. The resulting Callan-Symanzik equation takes the form:
∂µλL = −β
(
α
ξg
+
∂gλL
µ
)
+
λL
µ
− λL∂µξ
ξ
+
∂µN
N
(
µ
ξ
−N∂NλL
)
. (2.11)
Let us consider some generic possibilities. Note that ∂µN ≤ 0, along an RG-flow.
Consider a vanishing beta function. This case has a very simple exact solution:
λL = µ logN , with ξ = 1. Note that this is a monotonically increasing function
of the energy-scale. Also, physically, this corresponds to a highly evolving state
and the corresponding result cannot be used for a thermal state. It is, nonetheless,
interesting that a highly evolving state can readily exhibit an exponentially growth
in time. On the other hand, in the ξ  1 limit, we can choose ξ = N . Upon further
using the condition that ∂NλL → 0 compared to all variation in the system, the
Callan-Symanzik equation can be solved:
λL = c1
µ
N
+ µ
logN
N
. (2.12)
In the large N limit, this yields a small Lyapunov exponent, much like what is
observed at weak coupling in [8, 9] for the thermal state. It is conceivable that the
logN factor in the numerator is present at the fixed point, which is absent in [8, 9]
which hold an a non-vanishing beta. Also note that, in this case ∂µλL > 0 in the
large N limit.
To make the comparison with known results for a thermal state more precise, let
us consider the following cases: First, assume that the beta function vanishes and
∂µN(µ) is small compared to all variations in the system and we can safely ignore the
N ′(µ)-terms from the Callan-Symanzik equation. The resulting equation can simply
be solved to obtain:
λL(µ) = µc1 , (2.13)
where c1 is an integration constant. Given a thermal state for a large N theory
with a Holographic dual[10], we can identify µ = T and c1 = 2pi, where T is the
corresponding temperature. In this case, along an RG-flow ∂µλL > 0, assuming
positivity of the Lyapunov exponent itself. Thus, the Lyapunov decreases towards
the IR.
Let us make a couple of more observations from (2.11). First, note that the
solution in (2.12) is always positive in the large N limit, assuming that integrations
constants do not scale with such large numbers. The philosophical basis of this
assumption is rooted in the premise that the integration constant is unaware of the
degrees of freedom in the system. However, the solution in (2.13) is not necessarily
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positive and everything depends on the integration constant. In the former case, the
correlator shows ergodic behaviour by virtue of being a large N system, while in the
latter this is not the case. Thus, ∂NλL → 0 can be seen as a necessary condition for
ergodicity in correlators, near a fixed point.
Suppose now, we want to consider a complex solution of (2.11). Physically,
this implies an exponential dependence on time, as well as an oscillatory part. The
equation (2.11), at vanishing beta function, can then be re-written in terms of a real
and a purely imaginary equation. These take the form:
∂µλ
R
L =
λRL
µ
− λRL
∂µξ
ξ
+
∂µN
N
(
µ
ξ
−N∂NλRL
)
. (2.14)
∂µλ
I
L =
λIL
µ
− λIL
∂µξ
ξ
− ∂µN∂NλIL , (2.15)
where λL = λ
R
L + iλ
I
L. Note that, if we now impose ∂NλL → 0, the above system
always has a solution with λIL = 0 and λ
R
L 6= 0. This corresponds to an exponential
behaviour in time, and ergodic for λRL > 0, as we have also argued above. On the
other hand, suppose the correlator is purely oscillatory, then λRL = 0. This, however,
does not necessarily impose ∂µλ
R
L = 0 or ∂Nλ
R
L = 0. From the equation (2.14), we
observe that a consistent solution of λRL needs to have non-vanishing derivatives and
therefore will become non-vanishing away from the fixed point. This predicts that,
even if we start with a fixed point where OTOCs are oscillatory, slightly away from
this fixed point they will develop real exponential dependence.
The reverse is not true. Setting λIL = 0 along with ∂µλ
I
L = 0 and ∂Nλ
I
L = 0 is
certainly consistent with (2.15). Thus, if we begin with an ergodic fixed point, the
physics slightly away from it also remains ergodic.
Let us now perform a near fixed point analyses. For this, we can generically
assume distinct expansions for the coupling constant and the degrees of freedom, in
terms of the energy. For example:
g(µ) = g0 +
∑
i=1
iµigi , N(µ) = N0 +
∑
i=1
iµiNi , β = µ∂µg(µ) , (2.16)
where  is the dimensionless expansion parameter. Consider now the case when
Ni = 0, but g1 6= 0. At the leading order, one obtains:
λL = c1µ+ 
(
c2µ− g1
g0
µ2
α
N0
)
, (2.17)
where c1 and c2 are two integration constants. Given the solution above, λL ∼ µ
follows simply from scaling and thus we can interpret (c1 + c2) as the corresponding
proportionality constant. Assuming α is positive,8 we see that the change in λL is
8This is reasonable in a perturbative regime, and α < 0 clearly cannot be captured within the
perturbative framework, without a possible resummation.
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tied to the sign of the beta function, since β ∼ g1. For a positive beta-function, the
Lyapunov decreases while for a negative beta function it increases.
We will now consider systems which saturate the chaos bound. As we have seen,
the Lyapunov is a decreasing function towards the IR. We will instead consider how
the scrambling time behaves as one tunes from the UV to the IR.
3 Holographic QFT: Examples
Now we will consider explicit holographic QFTs, including CFTs, in which certain
degrees of freedom scramble faster in the IR while certain others scramble slower in
the IR. These examples consist of SU(Nc) strongly coupled gauge theories, with Nq
matter in the fundamental representation. The adjoint matter obeys a monotonically
decreasing scrambling time, while the fundamental matter does not. The reason is
simple: while the adjoint matter scrambling is independent of the gauge coupling,
for the fundamental matter, it is not so.
3.1 Dp-brane Geometries
We will follow the notation of [11]. Let us start with 10-dimensional closed-string
geometry, sourced by a stack of Dp-branes, in the string frame:
ds2 =
(u
L
) 7−p
2 [−f(u)dt2 + dx2p]+ (Lu
) 7−p
2 du2
f(u)
+
(
L
u
) 7−p
2
u2dΩ28−p , (3.1)
eφ =
(u
L
) (p−3)(7−p)
4
, f(u) = 1−
(uH
u
)7−p
, (3.2)
F8−p = (7− p)L7−pω8−p . (3.3)
Here, ωn is the volume form of the n-sphere, L is the overall curvature scale of the
geometry, uH denotes the location of the event horizon. The curvature scale, L is
fixed by the Dirac quantization relation:∫
F8−p = 2κ2TDpN , (3.4)
where
1
2κ2
=
2pi
g2s (2pi`s)
8 , TDp =
1
gs`s (2pi`s)
p , (3.5)
where gs is the string coupling constant and `s is the string length. Here (2κ
2) denotes
the ten-dimensional Newton’s constant and TDp is the corresponding D-brane tension.
This relation fixes the curvature scale with string coupling and string length:
L7−p =
(2pi`s)
7−p
(7− p)V8−p gsN . (3.6)
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The putative dual field theory for these geometries are given by (p+1)-dimensional
maximally supersymmetric SU(N) gauge theories, with purely adjoint degrees of
freedom, with a gauge coupling:
g2YM = 2pigs (2pi`s)
p−3 . (3.7)
The corresponding ’t Hooft coupling is defined as: λ = g2YMN . To introduce further
dynamical degrees of freedom, one can introduce an open string sector. This can
be done by introducing an open string itself, or by an appropriate D-brane, which
corresponds to introducing a set of fundamental matter sector. Note further that, in
(3.1)-(3.2), the co-ordinates carry dimension of length.
Now, the geometric description is valid, provided gse
φ  1, to avoid string
coupling corrections and `2sR  1, to suppress higher curvature corrections. Here
R is the curvature of the ten-dimensional geometry. Using the geometric data in
(3.1)-(3.3), these conditions evaluate to be:
gse
φ ∼ 1
N
(
λ Ep−3UV
)(7−p)/2
, (3.8)
`2sR ∼
(
λ Ep−3UV
)−1
, EUV = u
`2s
, (3.9)
where EUV is an energy-scale, relevant for the UV-physics.9 The validity of the
geometric description is hence given by
N4/(7−p)  λ Ep−3UV  1 . (3.10)
A particularly interesting case is p = 3, in which the above hierarchy becomes:
N2  λ 1.
The scrambling time can be estimated10 by computing the back-reaction of a
probe particle, with a fixed energy E at the UV, at time t0. For late times, t0 > 1/T
where T is the temperature of the black hole, the energy of the particle is blueshifted
by an exponential factor: Ee2pit0T . The presence of the event horizon washes away
any other details of the system. Now, one simply evaluates the gravitational back-
reaction of the blueshifted mode on the original spacetime. The stress-tensor will be
weighted by a factor of the ten-dimensional Newton’s constant: κ2. Upon calculating
the on-shell Euclidean supergravity action, with this back-reaction, one obtains the
relevant Euclidean correlator and subsequently analytical continuation yields the
corresponding OTOC. The schematic result is simply:
f(t) = 1− Γκ2e2piTt , td  t tscr , (3.11)
9Note that, this is not a gauge-invariant way of assigning an energy-scale, only one scheme of
defining an energy-scale. However, for p = 3, which is conformal, this is indeed as good as any
other energy-scale definition. We will not dwell upon the gauge-invariant definition of energy for
p 6= 3, since our final physical results will not be sensitive to this.
10See e.g. [12–14].
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where td ∼ 1/T is the dissipation time-scale and tscr is the scrambling time. Here, Γ
knows about the details of the geometry, including the large parameters of the state.
The parametric scaling form of Γκ2 can be obtained by evaluating:
1
2κ2
∫
d10x
√−Ge−2φR ∼ 1
g2s`
8
s
∼ N2λ 3−pp−5E
3−p
p−5
UV = Γκ
2 . (3.12)
The scrambling time is defined as: f(tscr) = 0, which yields:
tscr =
1
2piT
log
(
N2λ
3−p
p−5E
3−p
p−5
UV
)
. (3.13)
In evaluating (3.12), we have used that the overall scaling of
√−Ge−2φR, on-shell,
is given by an appropriate power of L.
The same answer is obtained following [12]. In this one begins with a thermofield
double description of the geometry, which is certainly available for the background
in (3.1)-(3.3). Now, one considers injecting a small amount of energy, denoted by
E, to the left QFT, at a time t = −tin, where tin > 0. At a later time t = 0, this
energy will blueshift to Ee2piTtin , where T is the temperature of the black hole phase
of (3.1)-(3.3). This energy should be measured, naturally, in the units of the black
hole mass, M itself and therefore the relevant quantity controlling the back-reaction
of the injected energy at a later time is given by (E/M)e2piTtin . Now, one simply
assigns the minimal natural energy for the black hole, proportional to the Hawking
temperature: E ∼ T , and therefore obtains the corresponding scrambling time by
setting: (E/M)e2piTtin ∼ O(1). This yields: tscr ∼ 12piT logS, where S is the entropy of
the black hole. For our purposes, we will safely replace the ∼ with an exact equality,
since we will not care about order one constants.
It is straightforward to calculate the entropy of the black hole geometry in (3.1)-
(3.3), by evaluating the horizon area in the Einstein-frame. The Einstein-frame
metric is given by GEµν = e
−φ/2Gsµν , where G
s
µν is given in (3.1)-(3.3). The entropy is
given by
S = N2λ
3−p
p−5T
9−p
5−pZ1 , (3.14)
where Z1 is an order one dimensionful constant. Clearly, 12piT logS matches with
(3.13). The basic observation to note here is that the scrambling time depends on the
number of degrees of freedom as well as the ’t Hooft coupling, except at p = 3, when
the coupling disappears.11 This happens simply because for p = 3 the dynamics is
conformal and no scales appear in the resulting scrambling time. This observation is
highly suggestive that for this case, since λ provides us with no scale, the scrambling
behaviour of logN is robust against corrections in 1/λ, perturbatively. For any other
p, however, this is not true.
11Note that, we define the number of degrees of freedom as simply the coupling-independent, scale-
independent factor that extensive thermodynamic functions scale with. Thus, here, the number of
degrees of freedom is simply N2c .
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3.2 Localized Probes
For such large N SU(N) gauge theories, a generic class of measurements can be
carried out on an appropriate probe field, e.g. like a probe quark in the bath of gluons.
Such degrees of freedom are realized by introducing open string degrees of freedom
in the bulk geometry. This can be done by considering various D-brane probes in the
given supergravity geometry, see e.g. [15–23] for thermal physics on this probe sector
but the simplest is to consider a long open string as a probe itself. The dynamics is
governed by an effective thermal physics on the worldsheet or worldvolume of such
degrees of freedom[24–27].
A fundamental string, in the probe limit, can be introduced such that the world-
sheet coordinates are stretched along {t, u}-submanifold of the geometry, and the
embedding function is described by xp(t, u), in general. The dynamics is described
by
SNG = − 1
2pi`2s
∫
dtdu
√
−detγ , (3.15)
γab = Gµν (∂aX
µ) (∂bX
ν) , (3.16)
where Gµν is the background metric and X
µ are the embedding function. Given a
spacetime, one can find out certain specific classical embedding, by solving for xp(t, u)
from the Nambu-Goto equations of motion. Now, action (3.15) defines a classical
theory which we may consider quantizing semi-classically. This can be implemented
by considering the quadratic fluctuations around the classical profile as the quantum
field theory. While xp(t, u) can be non-trivial classical functions, for the geometric
background in (3.1), it is easy to check that xp(t, u) = constant is always a solution,
simply warranted by homogeneity of the background. Now, the schematic form of
the quantum field theory takes the form:
Squad = − 1
2pi`2s
∫
dtdu
√
−detγ (γabGxx (∂aδX) (∂bδX) +M2xδXδX) , (3.17)
where M2X is the effective mass around this classical profile. The action above is
essentially a Gaussian QFT, which we can now quantize and obtain the free propa-
gator. To consider 4-point, or any higher point, correlation function, one essentially
expands the action to the desired order in δX:
SNG−int = Squad + Sint
[
(δX)3 , (δX)4 , . . .
]
, (3.18)
and using the path-integral formalism, simply takes nth derivative of the path integral
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with respect to the sources, and sets the sources to zero:
〈O1O2 . . .On〉 = 1
Zquad
δ
iδ(δX1)
. . .
δ
iδ(δXn)
Zint
∣∣∣∣
δXquad
, (3.19)
Zquad =
∫
[DδX] eiSquad , (3.20)
Zint =
∫
[DδX] eiSNG−int . (3.21)
Now, the quadratic piece of the quantized action can be canonically normalized
by absorbing one factor of `−1s in to δX, which makes the action (3.17) independent
of `s. As a result, the quartic interaction will now have an overall factor of `
2
s as the
coupling. This now becomes a small coupling expansion, in positive powers of `s.
Subsequently, the 4-point function, appropriately normalized, picks up a coefficient
`2s whose inverse is the effective tension of the probe and it determines the scrambling
time, see e.g. [30–34].
The behaviour of the 4-point OTOC, in the thermal state is given by
O(t) = 1− (Tension−1) (Dynamical) , (3.22)
where (Tension) denotes the effective tension of the probe and (Dynamical) denotes
the time evolving behaviour. Here, the effective inverse tension is simply determined
by 2pi`2s and, for a thermal state, the dynamical contribution is an exponential growth.
Using the relations in (3.5) and (3.6), the scrambling time is thus estimated as:
O(tscr) ∼ O(1) =⇒ tscr = α
λL
log
(
λEp−3) , (3.23)
where λL is the Lyapunov exponent, and α is a positive constant, depending on
various details of the geometry. Furthermore, E denotes a typical energy scale at
which we are probing the system. Such a factor arises purely on dimensional grounds,
since the ’t Hooft coupling is dimensionful, except for p = 3. The basic result here
is that, for such strongly coupled large N gauge theories, fundamental degrees of
freedom scramble information at a logarithmic rate with respect to the ’t Hooft
coupling, independent of the otherwise degrees of freedom of the system which scales
as N2. Finally, note that, the meaningful quantity here is (tscrλL) /α which has a
good logarithmic definition. This is what we will consider in this article.
At this level, the observation in (3.23) is suggestive of an energy-scale dependence
of the corresponding scrambling time. Any question related to the thermal physics
can further be characterized in terms of the energy scale at which thermalization is
taking place. This can happen in QFT quite naturally, since a given “UV QFT”
can thermalize itself, or it can first flow non-trivially to an “IR QFT” and then
thermalize. While at conformal fixed points, the corresponding scrambling time is
only sensitive to the number of degrees of freedom, away from it, this depends on the
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associated energy-scale. As a result, one freely obtains an energy-scale Ep−3 ∼ λ−1, at
which the scrambling time is order one. The last observation is highly suggestive of a
“loss of semi-classical” limit, which is simply the fact that one needs to now include
the higher curvature corrections12 in the geometric description.13 See e.g. [35] for
similar physics in candidate higher derivative gravities.
3.3 Smeared Probes
Let us now carry out a similar analysis, where we introduce a small number of
probes and smear them along the transverse directions. The reason behind this is,
momentarily, we will consider geometries that arise from the back-reaction of such
smeared string sources, on the Dp-brane geometries. The action of the smeared probe
sector is given by
Ssmear = − 1
2pi`2s
∫
dtdu
√
−detγ
∫
Σ8
dσ8 , (3.24)
where dσ8 is the smearing form. On dimensional ground, the smearing form should
be proportional to the volume form, up to an overall dimensionless number. The
dimensionless number plays no role in our analyses, assuming that this number does
not scale with N or λ or any such physical large parameters in the system.14 There-
fore, let us take dσ8 to be the volume form.
Now, the effective tension of the probe sector is given by
Teff ∼ 1
`2s
L
7−p
2
(4−p) , (3.25)
where we see that the string tension `−2s is accompanied by an overall curvature scale,
raised to an appropriate power. We are free to set this curvature scale to any order
one numerical value, which sets the length scale in the gravitational description.
Thus, the effective tension only receives an order one correction due to smearing.
Using the definition of the gauge coupling in (3.7), (3.6) and the definition of the ’t
Hooft coupling, the estimated scrambling time is again given by
tscr ∼ αsmear
λL
log
(
λEp−3) , (3.26)
where αsmear is a numerical constant, and E is the typical energy-scale at which we are
probing the system. Note that the scrambling times in (3.23) and (3.26) only differ
12Equivalently, include higher spin degrees of freedom in the string spectrum.
13Note, however, that all gravitational fluctuations will couple with the effective Newton’s con-
stant of the geometry, therefore will only be sensitive to the total number of degrees of freedom.
For them, higher curvature corrections in the geometry will not alter the scrambling time. Said
differently, it will not be surprising if the higher derivative theories of gravity still allow the Einstein-
gravity shock-wave geometry as a solution.
14In fact, to ensure the probe limit, this number should be much smaller compared to N or λ.
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by the order one numerical constant, captured by α and αsmear. Stated differently,
at the UV, smeared degrees of freedom and localized degrees of freedom scramble in
a qualitatively similar manner. We will momentarily see that this is not the case at
the IR.
4 An Infra-red Geometry
In the previous section we have discussed how scrambling time behaves for the bulk
open string degrees of freedom, or the boundary fundamental matter sector. The
probe limit remains valid only till an IR energy-scale, beyond which the geometry
is significantly different, and in fact, non-perturbative in back-reaction. Given a UV
Dp-brane geometry in (3.1)-(3.3), the back-reacted IR geometry, in the string frame,
is given by
ds2 = eφ/2
[
e−2
8−p
p
ηds2p+2 + e
2ηL2dΩ28−p
]
, (4.1)
ds2p+2 = gttdt
2 + grrdr
2 + gxxdx
2
p , (4.2)
eφ = βφQ
p−7
2
( r
L
) p(p−7)
2(p−4)
, e2η = βηQ
3−p
4
( r
L
) p(3−p)
4(p−4)
, (4.3)
where βη,φ are numerical constants, which we need not keep track of. The explicit
form of ds2p+2 is given below:
ds2p+2 =
( r
L
)− 2θ
p
[
−
( r
L
)2z
f(r)dt2 +
( r
L
)2
dx2p + β`Q
2(3−p)
p
(
L
r
)2
dr2
f(r)
]
,(4.4)
f(r) = 1−
(rH
r
)p−θ+z
, (4.5)
Q ∼ `4
6−p
7−p
s λ
8−p
7−p
(
Nq
N2
)
, z =
16− 3p
4− p , θ =
p(3− p)
4− p . (4.6)
where β` is a purely numerical constant and Nq is the back-reacting string density.
We have also ignored the overall numerical constant relating Q and {`s, λ,Nq, N}.
There is a special case: p = 4, for which the background geometry takes the following
form:
ds26 =
( r
L
)1/2 [
−
( r
L
)2
dt2 + dx24 + β
2
`Q
−1/2
(
L
r
)2
dr2
]
, (4.7)
eφ = βφQ
−3/2
( r
L
)3/2
, e2η = βηQ
−1/4
( r
L
)1/4
, (4.8)
Before discussing probe strings, let us estimate the scrambling time for gravita-
tional degrees of freedom in these geometries. As explained before, this amounts to
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estimating the entropy of the corresponding black hole solution, which using (4.4)-
(4.8) is found to be:
tscr ∼ 1
λL
log
[
N2
(
Nq
N2
)2(6−p)/(16−3p)
λ
p
16−3p
]
, (4.9)
Comparing (3.13) and (4.9), with Nq/N
2 ∼ O(1), one obtains: λIRL tIRscr > λUVL tUVscr .
This inequality seems to generically persist in the models we consider here. Note
further that, the IR geometry is sourced by certain UV degrees of freedom that we
have explicitly introduce. The number of degrees of freedom that are relevant for
estimating the scrambling time increase from the UV to the IR, since the only in
the IR the additional degrees of freedom explicitly introduced at the UV become
relevant.
4.1 Scrambling on a Localized Probe
First, the IR background data yields the following:
gse
φ ∼ N
6−p
c
N
(7−p)/2
q
r
p(7−p)
2(4−p)λ
(7−p)(p−3)
2(5−p) , `2sR10 ∼ −
Nq
N2c
r−
p
4−pλ
3−p
5−p . (4.10)
Validity of type II supergravity requires gse
φ  1 and `2sR10  1. These two translate
into:
r
p(7−p)
2(4−p) 
(
Nq
N2c
) 7−p
2
Ncλ
(7−p)(3−p)
2(5−p) , r
p(7−p)
2(4−p) 
(
Nq
N2c
) 7−p
2
λ
(7−p)(3−p)
2(5−p) . (4.11)
We will need these constraints to proceed further. Equivalently, the above window
defines the energy-band within which our supergravity description holds. To estimate
this energy-scale, we need to relate the IR radial coordinate, with the energy-scale
in the UV QFT. This can be done by demanding that the string density remains the
same along the RG-flow from the UV to the IR and one obtains:
log
( r
L
)
=
(9− p)(4− p)
2p
log
(E`2s
L
)
, p 6= 4 , (4.12)
log
( r
L
)
=
5
2
log
(E`2s
L
)
, p = 4 , (4.13)
where E = u/`2s defines a convenient energy-scale for the UV QFT. Now, the allowed
energy band is given by
λ
3
9−p
(
Nq
N2c
) 2
9−p
 EIR  λ
3
9−p
(
Nq
N2c
) 2
9−p
N
4
(7−p)(9−p)
c . (4.14)
For example, for p = 3, the above range is given by(
Nq
N2c
)1/3√
λ EIR  N1/3q
√
λ
Nc
. (4.15)
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Let us consider now a probe string in the background geometry of (4.4)-(4.8).
To describe a classical profile, for a string which is stretched along the radial direc-
tion of the geometry, we can pick a function xp(r) that extremizes the Nambu-Goto
equations of motion. For the geometries described above, it is easy to check that
xp(r) = const is a classical solution. Now, in the semi-classical regime, we con-
sider fluctuations around the classical profile. We will canonically normalize the the
quadratic kinetic piece, and subsequently, evaluate the quartic piece in the classical
background, setting further the quadratic piece on-shell. If the worldsheet has an
event horizon, which is the case when the background has an event horizon, it is thus
expected that the quartic piece will yield a four-point correlation function. By per-
forming an appropriate analytic continuation, we can further calculate the four-point
out-of-time-order correlator that will exhibit an exponential growth in real time.
As outlined in the previous section, the corresponding scrambling time can be
estimated simply by reading off the inverse effective tension of the probe degree of
freedom. For the geometries in (4.4)-(4.8), this yields:
tscr =
1
λIRL
log
[(
N2c
Nq
) 3
p
λ−
4(3−p)
p(5−p)E 36−9p+p
2
p(5−p)
]
. (4.16)
One can easily compare this with the scrambling time at the UV, in (3.23). Note
that, in the UV, the factor of the ’t Hooft coupling always guarantees the scrambling
time to parametrically separate from earlier time-scales, e.g. the dissipation time-
scale. A similar statement is true in the IR as well, provided one takes into account
the constraints in (4.11). Interestingly, what in the UV was solely determined by the
’t Hooft coupling, in the IR, involves a non-trivial combination of all large numbers
in the problem. The only exception is at p = 3, in which the IR-scrambling is
independent of the ’t Hooft coupling.
4.2 Scrambling on a Smeared Probe
Suppose now, we consider smearing the additional probe strings uniformly, as is
done to obtain the back-reacted geometry at the first place. This will require us to
consider the following action for the probe:
Ssmear = − 1
2pi`2s
∫
dtdr
√
gttgrr
∫
Σ8
dσ8 , (4.17)
where Σ8 is the transverse manifold to the string worldsheet and dσ8 is the volume
form on it. The smearing clearly comes along with an additional volume factor, and
therefore the effective tension of this degree of freedom will change. Based on the
geometry in (4.4)-(4.6), one can easily evaluate the scrambling time as:
tscr =
1
λIRL
log
[(
N2c
Nq
)7−p+ 3
p
λ−
12+(8−p)(3−p)p
p(5−p) E#
]
, (4.18)
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where # is some number that ensures the argument inside the logarithm is dimen-
sionless. One can again check that, a large scrambling time is guaranteed, upon
using the conditions in (4.11). In fact, this is always ensured by the low curvature
condition. Thus, one obtains the following generic relation:
α1λ
IR
L t
loc
IR = α2λ
IR
L t
smr
IR − α3λUVL tloc/smrUV , (4.19)
where α1,2,3 are all positive numbers and tIR and tUV denote the IR and the UV
scrambling times, respectively.
As a particular example, let us consider p = 3. This yields:
λIRL t
smr
IR = 5λ
IR
L t
loc
IR − 4λUVL tlocUV . (4.20)
Now, consider the time-scale differences between UV localized probes and IR localized
probes:
λIRL t
loc
IR − λUVL tlocUV = log
(
N2c
Nq
E3IR
1
λ
)
, (4.21)
where EIR is the IR energy-scale. It is easy to check that, given the UV-geometry, the
backreacted IR region opens up precisely at the point where the string back-reaction
becomes order one. This provides one with the cross-over energy-scales below Ecross:
E3cross = λ2
N2c
Nq
. (4.22)
Now, for any EIR ≤ Ecross, one obtains: λIRL tlocIR > λUVL tlocUV, and therefore scrambling
time increases in the IR.
In the same spirit, let us consider the case of generic p. One obtains:
λIRL t
loc
IR − λUVL tlocUV = F
[
p, EUV, EIR, λ, Nq
N2c
]
, (4.23)
where F is a functional. It is easy to check that at EIR = Ecross = EUV, F > 0 and
parametrically large. This is based on the basic assumption that Nq/N
2
c ∼ O(1) and
the ’t Hooft coupling is large.
Before leaving this section, let us note that in two-dimensional CFT, i.e. when
the bulk dual is an AdS3, the effect of smeared light operators has been explored in
[28, 29].15 Generically the scrambling time is suppressed by the smeared factor in
these case, as we have also observed in more involved systems in higher dimensions.
15We thank Shouvik Datta for pointing this out to us.
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5 Probe String in AdS3
Note that, in [30, 31], it was shown how an effective Schwarzian dynamics arises on
an open string, that, subsequently, is responsible for a maximal chaos observed on the
worldsheet Nambu-Goto theory. The The geometric background is AdS3×M7, where
M7 is a seven dimensional manifold whose explicit form is not relevant for us. The
effective Schwarzian piece is essentially inherited from the embedding space of AdS3.
In the IR, however, the probe string becomes heavy and it is no longer legitimate
to work in the probe limit. In [36], an exact solution was found by considering
back-reaction of a smeared set of fundamental string sources, on the D1-D5 brane
configuration, which gave rise to the AdS3 supergravity background.
Let us first look at the UV geometry, which has an AdS3 piece. The metric is
given by
ds2 =
(u
L
)2 (−dt2 + dx2)+ L2du2
u2
+ L2ds2S3 +
√
Q1
vQ5
ds2T 4 , (5.1)
L4 =
16pi4
V4
`4sg
2
s (Q1Q5) , v =
V4
16pi4`4s
= fixed , (5.2)
where, S3 is a round three-sphere, T 4 is a four-torus, V4 is the volume of the four-
torus, and Q1, Q5 are the number of D1 and D5-branes, respectively. Clearly, for the
holographic description, we need to take Q1, Q5  1 limit. Furthermore, since there
are two underlying D-branes, we can subsequently define two ’t Hooft couplings:
λ1 = gsQ1 and λ5 = gsQ5. Thus, the string length can be related to the gauge
couplings as:
`4s ∼
L4
λ1λ5
. (5.3)
Given this, the degrees of freedom on a string probe in the AdS3 geometry therefore
will be determined by
1− `2seλLt = 1− α
1√
λ1λ5
eλLt =⇒ tscr ∼ 1
λL
log (λ1λ5) . (5.4)
In the above expression, α is a purely numerical constant.
The IR back-reacted geometry, in the string frame, is given by
ds2 = eφ/2
[(
r
LIR
)1/2(
−
(
r
LIR
)4
dt2 +
(
r
LIR
)2
dx21 +
(
LIR
r
)2
dr2 + β2xQ
2/5dx24 +
L2IR
3
dΩ23
)]
LIR =
(
βL
Q
)1/5
L , eφ = βφ
(
LIR
L
)4
r
LIR
, Q =
2κ2
2pi`2s
L−1
2V3
Nq , (5.5)
where βx,φ,L are purely numerical constants. To evaluate the effective tension of a
fundamental probe string in the above background, we simply need to consider the
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tt and the rr components of the metric. In this IR geometry, a probe string effective
tension is given by (`sL)
−2. Therefore, in this case, the scrambling time in the IR
will also be given by the same result as in (5.4), except that the overall constant will
be different. On the other hand, on a smeared set of probes the scrambling time
picks up factors of the ’t Hooft coupling as well and can be explicitly determined as
we have done before.
6 Conclusions
In this work we have attempted an RG-perspective on dynamical correlation function.
Within the modus operandi, we have left many interesting aspects untouched. For
example, one can easily explore the role of a Kibble-Zurek type scaling relation
between time and energy, on the correlators. Furthermore, given the nature of the
Callan-Symanzik equation, exploring the solution space with characteristics appears
a better suited option. We would like to address these issues in subsequent works.
Our approach, in the QFT part, is mostly improvisational and not a systematic
one. It would be quite interesting to find controllable examples where a first principle
calculation can be carried out towards understanding the behaviour of OTOCs from
an RG-perspective. While one is likely to run into subtleties in the perturbative
treatment, as mentioned in [6, 7], it is certainly worth revisiting. We plan to address
this in future.
The Holographic perspective, however, offers an interesting alternative in that
this is no longer perturbative in the coupling constant. While this is true, a control-
lable quench-like dynamical description requires a full-fledged numerical exploration
on how a black hole dynamically forms, if one is to avoid approximations. A possible
avenue could be to focus on asymptotically AdS3 geometries, in which still simpler
examples may exist that capture the dynamics and allows us to relate it with a flow
along the radial direction of the geometry. To our knowledge, this question is largely
unexplored and we would also like to address it in future.
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A Stress-Tensor of Probes
In this appendix, we will evaluate the stress-tensor of the probe sector, in various
geometric backgrounds. We have considered two actions, one for the localized probes
and one for smeared probes. These are given by
Sprobe = − 1
2pi`2s
∫
d2σ
√
−detγ
∫
Σ8
dσ8 , (A.1)
dσ8localized = δ
(8)(yi)dy1 ∧ . . . ∧ dy8 , dσ8smeared = (constant) dy1 ∧ . . . ∧ dy8 ,(A.2)
γab = Gµν (∂aX
µ) (∂bX
ν) = Gµνe
µ
ae
ν
b . (A.3)
The corresponding stress-tensor is obtained as:
Tµν = − 2κ
2
2pi`2s
1√−detG
δS
δGµν
= − κ
2
pi`2s
1√−detG
δS
δγab
δγab
δGµν
. (A.4)
Thus, for localized and for the smeared degrees of freedom, we get
T locµν = −
κ2
pi`2s
1
2
√−detγ√−detGγab
δγab
δGµν
, (A.5)
T smrµν = −
κ2
pi`2s
1
2
√−detγ√detγsmr√−detG γab
δγab
δGµν
. (A.6)
In the above, we have denoted the weight of the smearing form by detγsmr, which
is proportional to the volume form along the directions transverse to the string
worldsheet. Note that, this factor brings about the sole difference between the stress
tensor of a localized probe and that of a smeared one. On the simple embedding
that we have considered here, one obtains: (detG) = (detγ) (detγsmr).
Let us first catalogue the Einstein tensor for the IR-geometries in (4.4)-(4.8),
focussing on the tt-component only:
Ett ∼ r26/3 , p = 1 , (A.7)
Ett ∼ r10 , p = 2 , (A.8)
Ett ∼ r14 , p = 3 , (A.9)
Ett ∼ r2 , p = 4 . (A.10)
In the above, the proportionality constant depends on order one numbers which we
have ignored. Below, we present the result for various cases, separately:
T locµν ∼ r20/3 , T smrµν ∼ r9 , p = 1 , (A.11)
T locµν ∼ r5 , T smrµν ∼ r11 , p = 2 , (A.12)
T locµν ∼ r2 , T smrµν ∼ r17 , p = 3 , (A.13)
T locµν ∼ r−1 , T smrµν ∼ r3 , p = 4 . (A.14)
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Now, comparison between (A.7)-(A.10) and (A.11)-(A.14) shows that for the smeared
probes, the IR geometry receives no back-reaction at arbitrarily deep neck in the
infrared; however, this is not the case for the localized probes. Thus, all energy
scales appearing in the discussion here need to be larger than the scale where the
localized probes begin back-reacting on the IR geometry itself.
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